In this note we study quasi-periodic solutions of the BKP hierarchy introduced in [1] . Our main result is the Theorem in Section 2, which states that quasi-periodic T-functions for the BKP hierarchy are the theta functions on the Prym varieties of algebraic curves admitting involutions with two fixed points.
In this note we study quasi-periodic solutions of the BKP hierarchy introduced in [1] . Our main result is the Theorem in Section 2, which states that quasi-periodic T-functions for the BKP hierarchy are the theta functions on the Prym varieties of algebraic curves admitting involutions with two fixed points.
The rational and soliton solutions of the BKP hierarchy were studied in part IV [2] together with its operator formalism. We also showed that the BKP hierarchy is the compatibility condition for the following system of linear equations for w(x), x = (x l9 x 3 , .T 5 One of the specific properties of the BKP hierarchy is the fact that squares of T-functions for the BKP hierarchy are T-functions for the KP hierarchy with x 2j -= 0. Now we explain why the Prym varieties and the theta functions on them appear in our present study.
One derivation is given through the examination of the geometrical properties of the wave functions associated with soliton solutions. We regard these functions as defined on rational curves with double points. The curves in this case have involutions with two fixed points. The divisors of the wave functions belong to the Prym varieties. This is an immediate consequence of the fact that the wave functions for the BKP hierarchy admit time evolutions only with respect to x odd . Further we find that the pole divisor of the wave function belongs to a translation of the Prym variety which is tangent to the theta divisor in the Jacobian variety. This is a reflection of the above mentioned fact
On the other hand, by the result of Krichever [3] , quasi-periodic T-functions for the KP hierarchy are the theta functions on the Jacobian varieties of arbitrary curves (Riemann's theta functions). Therefore the quasi-periodic BKP T-function must be the square root of Riemann's theta function. Such a function appears in connection with the Prym variety. If the relevant curve has an involution with two fixed points, then Riemann's theta function is known to reduce to the square of the theta function on the associated Prym variety when its arguments are restricted to a translation of the Prym part (see, for example, [4] ). This fact agrees with our observation for the soliton case.
Prym varieties are mentioned by several authors [5] [6] in their study of quasi-periodic solutions of soliton type equations. But the location of the pole divisors in their work differs from what we have described above for the BKP hierarchy. This seems to be the reason why in their work the theta functions on the Prym varieties do not appear. Section 1 is devoted to the study of wave functions associated with soliton solutions. Here we rephrase the linear constraint (1) for the wave functions in terms of their pole divisors. In Section 2, we construct quasi-periodic wave functions for the BKP hierarchy by using the theory of abelian integrals. An explicit formula is given in terms of the theta functions on the Prym varieties.
We thank Kenji Ueno for helpful conversations about Prym varieties. § 1. Construction on the Rational Curve Before proceeding to the construction of quasi-periodic solution of the BKP hierarchy, let us first examine the geometrical meaning of known soliton solutions. In the notation of [2] the N soliton T function is (3) w(x; fc) = r [k] Here, by definition, T [fc] (;x;)e~^(*' fe) is obtained from (2) says that f(x; /c) is defined on the curve C. The Jacobian varieties for these singular curves (with the multiplicative group law) are J = GL(l) 2N 
and J = GL(\)
N , respectively. The Abel map is defined to be
The natural extension of (5) to the r-th symmetric product S r C->J, (k^,..., fc r ) (ri a,(fe ¥ ),-, FT «K(fcv), ri 0i(*,),-, El ^N(^V)) will also be denoted by j/. Here we have used £(x, -k)=-<J(x, /c). This (6) shows that the divisor On can also show directly from (8) that v(x\ k) satisfies the defining constraint (30) [2] for the BKP hierarchy. Set should be absent ( [2] ). The same argument will be employed in the construction of quasi-periodic solutions discussed in Section 2. § 2. Quasi-Periodic Solutions
In the KP hierarchy case, the construction of quasi-periodic solutions is done through the construction of wave functions (the Baker-Akhiezer functions) (cf. [3] ). Here we proceed in the same manner. The point is to translate the condition (30) [2] on the BKP wave function to constraints on its pole divisor (9) below.
Let C be a non-singular algebraic curve of genus g admitting an involution c with two fixed points q 0 , q^ (which correspond to 0, oo in the preceding section). Take a local coordinate k~l around q^ such that k°c=-k. Let 6 be a positive divisor of degree g on C such that
where K c is the canonical divisor on C. By standard arguments it can be shown that there exists a unique function w(x, p), x = (x l5 x 3 ,...), peC (a Baker-Akhiezer function) with the following properties :
i) w is meromorphic on C -{q QO } and its pole divisor is <5, ii) around q x , w behaves like )) exp (
j>0,odd
Let CD be a differential of the third kind on C with the pole divisor (co) = d + cd -qQ -qao-Then w(x, p)w(x, cp)co is a meromorphic differential on C with poles only at q 0 , q^. By using the residue theorem and noting that w(x, jp)w(x, cp) \ p=qoo = 1, we have w(x, q 0 )=±\.
Therefore by the same reasoning as in Section 1 , w(x, p) is a wave function for the BKP hierarchy.
Next we express the Baker-Akhiezer function \v(x, p) in terms of Abelian integrals and the theta function on the Prym variety. For this purpose we need some general facts from the theory of Abelian integrals and theta functions. For details we refer to Fay [4] .
By the Riemann-Hurwitz relation, the genus g of C is even, g = 2g. We 
.,Ug)}/(I g ,T).
It is known that P t is a principally polarized Abelian variety of dimension g isomorphic to the complex torus P = C0/(Ig,n). The isomorphism er: P-»P t is given by a(v ly ... 
j>0,odd
On the other hand, by using (9), we have
We put
Comparing (10) holds [4] where $j is the theta function on J(C). This relation agrees with the relation between I KP and I BKP (8) [2] .
